Abstract. We prove that the distortion function of the Gauss map of a harmonic surface coincides with the distortion function of the surface. Consequently, Gauss map of a harmonic surface is K quasiconformal if and only if the surface is K quasiconformal, provided that the Gauss map is regular or what is shown to be the same, provided that the surface is non-planar.
Introduction and statement of the main result
It has full rank 2 at the regular points. A surface with no critical points is called an immersion or a regular surface. For regular points of the surface we define the distortion function by
A mapping Y is called K quasiconformal if
If K = 1 then (1.1) is equivalent to the system of the equations 
1.2.
Gauss map of a surface. Let X : Ω → R 3 be a smooth regular surface and let M = X(Ω). Let S 2 be the unit sphere in R 3 and let n : Ω → S 2 be the orientation preserving Gauss map of M defined as follows
If we denote by f :
the stereographic projection, then the orientation preserving map g := f • n is said to be the complex Gauss map of X.
Since f is a conformal mapping, then g is quasiconformal if and only if n is quasiconformal with the same constant of quasiregularity. Moreover
A smooth enough surface can be parameterized using a isothermal parameterization. Such a parameterization is minimal if the coordinate functions x k are harmonic, i.e., φ k (ζ) are analytic. A minimal surface can therefore be defined by a triple of analytic functions such that
The real parameterization is then obtained as
But, for an analytic function p and a meromorphic function q, the triple of functions
are analytic as long as p has a zero of order m at every pole of q of order m. This gives a minimal surface in terms of the Enneper-Weierstrass parameterization
It is well known that if the surface is minimal endowed with Enneper-Weierstrass parameterization, then its complex Gauss map is a meromorphic function g(w) = −i/q ′ (w). See for example [5, Sec. 9 .3] for the above facts. In this paper, we extend this result to quasiconformal harmonic surfaces by proving the following theorem. Theorem 1.1. The dilatation and distortion function of the Gauss map n of a harmonic surface X coincides with the dilatation and distortion function of the surface itself, provided that the Gauss map is regular. In other words, if
Corollary 1.2. If a harmonic parametric surface X is K quasiconformal then its Gauss map is K quasiconformal, privided that the Gauss map is regular.
We also prove the following theorem Theorem 1.3. The Gauss map of a harmonic surface is regular if and only if the surface is not planar. If the Gauss map of a surface is not regular, then it must be a constant vector.
Remark 1.4. From Theorem 1.3 we find out that, in Theorem 1.1, instead of the condition "the Gauss map is regular" we can simply say "the surface is non-planar". When we say that the Gauss map is regular we mean that, the cross product
dy n is not identically zero at some open subset of the domain. However, as it can be shown by the example
for y = −1/2. Thus, the branch points of the Gauss normal of harmonic surfaces are not isolated, as in the case of minimal surfaces.
Remark 1.5. The class of minimal surfaces with Enneper-Weierstrass parameterization is a special case of the class of quasiconformal harmonic surfaces. Namely in this case K = 1, because the coordinates are isothermal (conformal). In this case the condition (1.11) reduces to the condition that g(w) = −i/q ′ (w) = const, i.e. the Gauss normal is a constant. This implies that the minimal surface is planar.
The class of quasiconformal harmonic mapping between complex domains and two-dimensional surfaces has been very active research of investigation in recent years. For some regularity results of this class we refer to the following papers [9], [8] , [10] , [14] . For some regularity results of the class of minimal surfaces we refer to the papers of J. C. C. Nitsche [11] and [12] .
Recall that by a definition of A. Alarcon and F. J. Lopez [2] a harmonic immersion X : M → R 3 is said to be quasiconformal (QC for short) if its orientation preserving Gauss map n : M → S 2 is quasiconformal (or equivalently, if g is quasiconformal). Among other special features, quasiconformal harmonic immersions are quasiminimal in the sense of Osserman [13] . In this case, X is said to be a harmonic QC parameterization of the harmonic surface X(M ). Notice also this, a harmonic surface has no elliptic points by the maximum principle for harmonic functions. In other words, its Gauss curvature is nowhere positive. Let w a harmonic diffeomorphism of the unit disk onto itself which is not quasiconformal. Let X(z) = (ℜ(w), ℑ(w), 0). Then n = (0, 0, 1) and therefore it is a 1−quasiconformal mapping. This mean that the fact that the condition "the Gauss map is regular" is important in Theorem 1.1. In other words, two above definitions of quasiconformality are equivalent, provided that the Gauss map is regular (up to branch points) or what is the same, if the surface is not planar.
Proofs
Proof of Theorem 1.1. Let X(x, y) = (a(x, y), b(x, y), c(x, y)).
Without loos of generality we can assume that a(z) = x. Namely, let φ be a analytic mapping of the unit disk into C such that
Hereã(z) is the harmonic conjugate of a(z). Take instead of
Let
The distortion function is 
The last part of the theorem follows from the formulas (1.3) and (1.4).
Corollary 2.1 (Berenstein theorem for noparametric harmonic surfaces). If the harmonic noparametric surface over R 2 is quasiconformal, then the surface is planar.
Proof. From the previous theorem we find out that the Gauss map is quasiconformal. Then by a theorem of L. Simon [15] , X must be planar. 
Proof of Theorem 1.3. As in the proof of Theorem 1.1, we can assume that the first coordinate of the surface is x. Further, by using the same notation 
It is an elementary application of Cauchy-Schwarz inequality that √ AC B. for some real function λ(x) depending only on x. Since b y and c y are real analytic, it follows that λ is a real analytic function, i.e.
(a n z n + b nz n ) and therefore
Let us show that λ n = 0 for n 2.
We will use the following well-known fact. Any harmonic function has (locally) a unique representation as a sum of homogeneous harmonic polynomials α n z n +β n z n . Since λ 1 x(a 1 z + b 1z ) is the only possible harmonic polinom of degree 2 in the expression for b y , it must be a 1 z + b 1z = 2a 1 y. Further
is a harmonic polinom of degree n and is therefore equal to α n z n + β nz n . mplying that the surface is planar.
Thus
2.
1. An open problem. Whether Berenstein theorem is true for quasiconformal parametric harmonic surfaces?
